Strongly interacting one-dimensional (1D) Bose-Fermi mixtures form a tunable XXZ spin chain. Within the spin-chain model developed here, all properties of these systems can be calculated from states representing the ordering of the bosons and fermions within the atom chain and from the ground-state wave function of spinless noninteracting fermions. We validate the model by means of an exact diagonalization of the full few-body Hamiltonian in the strongly interacting regime. Using the model, we explore the phase diagram of the atom chain as a function of the boson-boson (BB) and boson-fermion (BF) interaction strengths and calculate the densities, momentum distributions, and trap-level occupancies for up to 17 particles. In particular, we find antiferromagnetic (AFM) and ferromagnetic (FM) order and a demixing of the bosons and fermions in certain interaction regimes. We find, however, no demixing for equally strong BB and BF interactions, in agreement with earlier calculations that combined the Bethe ansatz with a local-density approximation.
I. INTRODUCTION
Ultracold atoms are ideally suited to study strongly correlated one-dimensional (1D) systems due to their high degree of control and tunability [1, 2] . These advantageous features have led to the observation of the Tonks-Girardeau gas [3, 4] , the controlled preparation of a highly excited super-Tonks gas [5, 6] , undamped dynamics in strongly interacting 1D Bose gases [7] , and the deterministic preparation of 1D few-fermion systems with tunable interactions [8] [9] [10] [11] [12] . Moreover, it became possible to realize a variety of artificial 1D systems consisting, e.g., of atoms with a large spin [13] or Bose-Fermi mixtures with mixed statistics [14] .
These developments have renewed the interest in Girardeau's Bose-Fermi mapping for 1D spinless bosons with infinite δ repulsion [15] leading to generalizations for BoseFermi mixtures [16] , spin-1 bosons [17] , and spin-1/2 fermions [18] . Only recently it was found that these exact solutions are also useful for the perturbative treatment of strongly interacting 1D systems [19] . Different from onecomponent systems, the ground state of multicomponent systems with infinite δ repulsion is highly degenerate [16] [17] [18] . This is due to the fact that strongly interacting 1D particles localize and arrange themselves in a spin chain [17, 20, 21] . This offers the exciting possibility to study quantum magnetism without the need for an optical lattice [21] [22] [23] [24] [25] .
Theoretical studies of Bose-Fermi mixtures in optical lattices predicted composite fermions consisting of one fermion and one ore more bosons, or, respectively, bosonic holes [26] and polarons [27] . In addition, pairing, collapse, and demixing can occur in homogeneous 1D systems of strongly interacting bosons and fermions [28] . For equally strong boson-boson (BB) and boson-fermion (BF) δ interactions, the model can be solved exactly via the Bethe ansatz [29, 30] . Selected states of the degenerate ground-state multiplet have been constructed in the Tonks-Girardeau regime of infinite δ repulsion [16] and * frank.deuretzbacher@itp.uni-hannover.de classified using Young's tableaux [31] . Recently, all states of the multiplet have been constructed for few (up to 6) particles [32] [33] [34] and strongly interacting mixtures with additional weak p-wave interactions have been studied [35, 36] .
Here, we develop a spin-chain model for 1D Bose-Fermi mixtures with nearly infinite δ interactions [37] . We check the validity of the model by diagonalizing the full few-body Hamiltonian numerically in the strongly interacting regime. Using the spin-chain model, we then calculate the groundstate densities, momentum distributions, and occupancies of the harmonic-trap levels for atom chains consisting of up to 17 particles. Moreover, we determine the ground-state phases of these atom chains, finding antiferromagnetic (AFM) and ferromagnetic (FM) order and a demixing of the bosons and fermions for particular values of the BB and BF interaction strengths. However, no demixing is found for equally strong BB and BF interactions although the bosons are predominantly in the trap center and the fermions are predominantly at the edges of the trap [29] .
II. SPIN-CHAIN MODEL
We consider a 1D mixture of N B bosons and N F fermions (total particle number N = N B + N F ). Both species are assumed to have the same masses, M B = M F = M, and experience the same trapping potential V (z). The bosons interact with each other through a δ potential of strength g BB and with the fermions through a δ potential of strength g BF . The many-body Hamiltonian of the system is given by
The interaction strengths g BB and g BF are freely tunable through a magnetic Feshbach resonance [38] and through the strong radial confinement [39] .
Here, we focus on the strongly interacting regime, where the absolute value of both interaction strengths is large, i.e., |g BB | ≈ ∞ and |g BF | ≈ ∞. Furthermore, we consider only the highly excited super-Tonks states [5, 6, 9] if at least one of the interaction strengths is attractive.
1 Under these conditions, the atoms order in a row and form a spin chain [17, 20, 21, 40 ]. An arbitrary state of the spin chain is given by
where each basis state |m 1 , . . . ,m N with m i = B,F corresponds to a particular ordering of the bosons (B) and fermions (F ) and can be constructed from the wave function of N spinless noninteracting fermions [31] (see Appendix A). Nearest-neighbor particles of the spin chain interact with each other through the effective Hamiltonian [35] 
as shown in Appendix B. Here, E F is the ground-state energy of N spinless noninteracting fermions in the trapping potential V (z) and J 
where θ (z 1 , . . . ,z N ) = 1 if z 1 < · · · < z N , and zero otherwise, and where ψ F is the ground-state wave function of N spinless noninteracting fermions in the trap V (z). The C i can be efficiently calculated for large N [41] [42] [43] . By identifying bosons and fermions with pseudospin-up and -down particles, respectively, Eq. (3) can be rewritten in terms of the Pauli matrices σ 
Here, we neglected the diagonal matrix
Equation (5) is the Hamiltonian of an XXZ spin chain in an inhomogeneous magnetic field along the z axis. Similar effective Hamiltonians have been derived for strongly interacting Bose-Bose mixtures [22, 24, 25] and strongly interacting mixtures with weak p-wave interactions [35, 36] . The densities of the bosons (m = B) and fermions (m = F ) are given by [17] 
with the probability to find the ith particle at position z,
and the probability that the ith particle is a boson (m = B) or fermion (m = F ),
The one-body density matrix of the bosons (m = B) and fermions (m = F ) is given by
with [23, 41] 
and
as shown in Appendix C. Here, we definedP
.. ,j with the loop permutation operatorP i,... ,j , which moves a particle from position j to position i (see Appendix A for details). N tr is the number of transpositions of neighboring fermions whenP i,... ,j acts on |m 1 , . . . ,m N . The momentum distributions and occupancies of the trap levels are related to the one-body density matrices by
with the eigenfunctions φ n (z) of the trap V (z).
We have tested the validity of the spin-chain model by comparing its results to those of an exact diagonalization of the full few-body Hamiltonian (1) for up to four particles in a harmonic trap. Both approaches should lead to the same results in the Tonks-Girardeau regime, g BB = g BF > 10hωl [ 21, 44] [ω is the frequency and l = √h /(mω) is the length scale of the harmonic oscillator]. Indeed, the comparison showed excellent agreement for the spectrum, the densities, and the momentum distributions for mixtures consisting of one boson and three fermions (1B3F mixture), two bosons and two fermions (2B2F mixture), and three bosons and one fermion (3B1F mixture). As an example, we show in Fig. 1 the result of such a comparison for the ground-state densities and momentum distributions of a 2B2F mixture for equally strong BB and BF interactions, g BB = g BF = 15hωl. These ground-state densities agree with Refs. [32, 33] .
III. PHASES AND DENSITIES
The ground-state phases of the effective Hamiltonian (3) or, respectively, (5) are determined by the interplay of the BB and BF interactions. In particular, we distinguish five different phases, as shown in the phase diagram in Fig. 2 , which follow from the phases of the homogeneous XXZ chain in the absence of an external magnetic field [45] . 2 For dominant BB exchange couplings, which corresponds to the parameter regime |η| = |J
(gray shaded regions around η = ±1), the spin chain is in the XY phase. These phases are characterized by strong FM (J
At the edges of the XY phases (η = 0, ± 2) the system is in the Heisenberg AFM or FM phases. Note that we consider the highly excited (metastable) super-Tonks states [5, 6] in the regime of attractive interactions and, therefore, do not obtain collapse and pairing [28] .
Ising FM and AFM order (|η| 1). Let us first consider the case J
> 0, the energy is minimized if all bosons are next to each other and in the trap center (largest C i ). A typical ground state is therefore of the form |F,F,B,B,B,B,F,F , i.e., the bosons are separated from the fermions, the bosons are in the trap center, and the fermions are at the edges of the trap. This separation of the bosons from the fermions is clearly visible in the densities of Fig. 3(f) . In the opposite case of negative BB exchange coefficients, J (BB) i < 0, the energy is minimized if the bosons are not next to each other and hence a typical ground state is of 2 A homogeneous external magnetic field has no effect due to the conserved total magnetization of the system in the z direction.
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Heisenberg AFM and FM order (η = 0). Let us now consider the case J
= 0, for which the spinchain Hamiltonian (5) takes the form
By performing the unitary transformation
we obtain
which is the Heisenberg Hamiltonian. Therefore, the ground state is AFM for J i−j , and decay with distance |i − j | in the AFM state, while staying constant in the FM state. However, because of the transform (16), the spin-spin correlations in the xy plane do not alternate in sign in the AFM state, but instead, they alternate in the FM state.
XY phases (η = ±1). Let us finally discuss the cases J
The repulsive case, g BB = g BF > 0, is exactly solvable for any value of the interaction strength if V (z) = 0 [29, 30] . Combining the exact solution of the homogeneous system with a local density approximation, one finds that the bosons and fermions do not demix, but the bosons are predominantly in the trap center and the fermions are predominantly at the edges of the trap. We find the same result and the density profiles are in excellent agreement with Ref. [29] ; see Fig. 3(d) . For attractive interactions, g BB = g BF < 0, the situation is reversed with the fermions (bosons) sitting predominantly at the center (edges) of the harmonic trap, see Fig. 3(c) . We note that the bosonic (fermionic) density of the η = 1 case would exactly equal the fermionic (bosonic) density of the η = −1 case, if the particle numbers would be equal, i.e., N B = N F .
This symmetry can be understood as follows: For J
> 0, Eq. (5) takes the form of an XX Hamiltonian with an inhomogeneous effective magnetic field pointing along the +z direction, 
In the first case, the bosons (pseudospin-up) are moved to the trap center, since the |J
| are largest there, while in the latter case, the fermions (pseudospin-down) are moved to the trap center. Moreover, both Hamiltonians can be transformed into each other by exchanging the bosons with the fermions, which explains the symmetry of the density distributions.
IV. MOMENTUM DISTRIBUTIONS AND OCCUPANCIES
The momentum distributions and the occupancies of the harmonic-trap levels are important observables, which can be measured in the experiment [12, 13, 46] . These distributions depend strongly on the degree of exchange symmetry of the spatial many-body wave function and can also be used as a probe for the magnetic structure of the spin chain [12, 41, 47] . We therefore expect very different momentum distributions and trap-level occupancies in the different phases of the BoseFermi chain as will be shown in the following.
Momentum distributions of nine bosons (solid) and eight fermions (dashed) are shown in Fig. 4 . Both momentum 043630-4 distributions resemble Gaussian distributions in the Ising AFM phase, Fig. 4(a) , as expected for a Wigner crystal [48] . This is a result of the comparatively large distance between the particles of the same kind; see Fig. 3(a) . In the Heisenberg AFM phase, Fig. 4(b) , the bosonic and fermionic distributions look like those of the corresponding spin-1/2 particles [23, 41] . By contrast, in the Heisenberg FM phase, Fig. 4(e) , both distributions are much broader, as expected for the highest excited states of the corresponding spin-1/2 particles [41] . Indeed, the FM ground state of the Heisenberg Hamiltonian (17) > 0. This is the reason for the broader momentum distributions in the left column of Fig. 4 . Finally, in the Ising FM phase, one has a Tonks-Girardeau gas in the center and noninteracting fermions at the edges of the trap, Fig. 3(f) . Therefore, one expects that the momentum distributions of that phase resemble those of a Tonks-Girardeau gas and noninteracting fermions, Fig. 4(f) . The distributions are, however, broader than those of Fig. 4(b) , since the particles are located in a smaller trap volume.
The occupancies of the harmonic-trap levels of nine bosons (solid) and eight fermions (dashed) are shown in Fig. 5 . In the Ising AFM phase, Fig. 5(a) , both occupancies oscillate out of phase around the same average broad distribution. The higher oscillator orbitals (n > 10) are preferably occupied by the bosons, since the bosonic density is broader [ Fig. 3(a) ]. The separation of the bosons from the fermions in the Ising FM phase is also manifest in the occupancies, Fig. 5(f) . The bosons preferably occupy the lower oscillator orbitals (n < 4) and the fermions the higher ones (n > 4). In the Heisenberg AFM phase, Fig. 5(b) , the bosonic and fermionic occupancies are almost equal. By contrast, in the Heisenberg FM phase, Fig. 5(e) , the fermions occupy the lowest 17 orbitals with 8/17 = 0.47 fermions, whereas the bosonic distribution decreases roughly linearly. Finally, once again, the occupancies in the XY phases, Figs. 5(c) and 5(d), resemble the behavior of the corresponding densities, Figs. 3(c)  and 3(d) .
In closing this section, we note that the variance of the total momentum distribution,
, is independent of the pseudospin configuration of the Bose-Fermi chain. Similarly, the total energy of the BoseFermi chain, calculated from the total trap-level occupancies,
, is independent of the configuration of the bosons and fermions. This follows from the fact that all pseudospin configurations have the same total energy at g BB = g BF = ∞ and from the virial theorem.
V. SUMMARY
We have presented a spin-chain model for Bose-Fermi mixtures with nearly infinite BB and BF δ interactions. The model is based on a mapping to states of the form |m 1 , . . . ,m N with m i = B,F and to the wave function of spinless noninteracting fermions. We checked the model by comparing with an exact diagonalization of the full few-body Hamiltonian in the strongly interacting regime. Using the spinchain model, we determined the ground-state phases of the Bose-Fermi mixture and calculated the densities, momentum distributions, and occupancies of the harmonic-trap levels for up to 17 particles. We found, in particular, AFM and FM order and a demixing of the bosons and fermions. However, we found no demixing for equally strong BB and BF interactions in agreement with earlier calculations [29] . 
Sector wave functions
In the regime of infinite BB and BF repulsion, g BB = g BF = ∞, the many-body wave function must vanish whenever two particle coordinates are equal, i.e., ψ(z 1 , . . . ,z N ) = 0 if z i = z j . This condition is fulfilled by the wave function of N spinless noninteracting fermions, ψ F , but also by its absolute value |ψ F |, which describes N spinless bosons with infinite δ repulsion [15] . Additionally, we may restrict |ψ F | to a particular sector of the configuration space R N ,z P (1) < · · · < z P (N) , in order to describe spinless distinguishable particles with infinite δ repulsion and particle ordering z P (1) < · · · < z P (N) .
Here, P denotes an arbitrary permutation of N = {1, . . . ,N}. The resulting wave function, denoted by |P , is given by [17] 
Here, θ (z P (1) , . . . ,z P (N) ) = 1 if z P (1) < · · · < z P (N) and zero otherwise. The sector wave functions (A1) are by definition orthonormal, i.e., P |P = δ P ,P , and they have further favorable properties. For example, the action of a permutation operator P on a sector wave function |P is given by [41] P |P = |P • P .
(A2)
The permutation operatorP of a permutation P acts on a many-body state |α 1 , . . . ,α N in the following way:
That is,P permutes the particle indices of a many-body state according to the prescription 1 → P (1), . . . ,N → P (N ).
To describe a Bose-Fermi mixture with infinite BB and BF repulsion, g BB = g BF = ∞, one has to symmetrize the sector wave functions |P with respect to the bosonic coordinates, z 1 , . . . ,z N B , and to antisymmetrize with respect to the fermionic ones, z N B +1 , . . . ,z N . We therefore define [31] 
Here, S + = (1/N B !) P P is a symmetrization operator, where the sum runs over all permutations P of N B = {1, . . . ,N B }, S − = (1/N F !) P (−1) P P is an antisymmetrization operator, where the sum runs over all permutations P of N − N B = {N B + 1, . . . ,N}, and P −1 is the inverse of the permutation P . Furthermore, we specify to use only those initial sector wave functions |P −1 , for which the bosonic and fermionic coordinates are each in ascending order. This is necessary, since otherwise two sector wave functions, which differ only by the transposition of two fermionic coordinates, would have a different sign. The requirement is fulfilled if we move the B at position N B in the initial state |B, . . . ,B,F 
Permutations
We use the cycle notation to specify a permutation. For example, the permutation P (α,β,γ ) permutes the numbers α, β, γ according to the prescription α → β → γ → α. Moreover, we neglect the parentheses if a permutation consists of only one cycle, i.e., P (α,β,γ ) = P α,β,γ . The corresponding unitary operator that permutes the particle indices α, β, γ of a manybody state according to the same rule is denoted byP α,β,γ . We also note that a cyclic permutation of α, β, γ does not change the cycle, i.e., P α,β,γ = P γ,α,β = P β,γ,α .
The cycle P α,β,γ is the composition of two transpositions P α,β and P β,γ , P α,β,γ = P α,β • P β,γ . The corresponding cycle operatorP α,β,γ is the product of two transposition operatorŝ P α,β andP β,γ ,P α,β,γ =P α,βPβ,γ . The inverse of the cycle operatorP α,β,γ is therefore given byP
.e., the particle indices appear in the inverse cycle operator in the inverse order.
The identity permutation is denoted by "id" and the corresponding operator by 1. A particular cycle is the loop permutation, which is defined by
The loop permutation is therefore a composition of transpositions of consecutive integers, P i,... ,j = P i,i+1 • P i+1,i+2 • · · · • P j −2,j −1 • P j −1,j (assuming i < j) and the loop permutation operatorP i,... ,j is a product of transpositions of neighboring particles,P i,... ,j =P i,i+1Pi+1,i+2 · · ·P j −2,j −1Pj −1,j . The loop permutation operatorP i,... ,j therefore moves the particle at position j to position i.
Basis of a two-boson two-fermion mixture
The goal of this section is to clarify definition (A4). A basis of a mixture of two bosons and two fermions (2B2F mixture) is given by (1 +P 1,2 )(1 −P 3,4 )|id .
The second basis state is obtained from the first one by transposing the second and third particle. Therefore, we obtain |B,F,B,F =P 2,3 |B,B,F,F
The third basis state is obtained from the first one by moving the second B to the fourth position. This is achieved by applying the loop permutation operatorP 4,3,2 . The inverse of this loop permutation operator is given byP 
Note that the bosonic (z 1 ,z 2 ) and fermionic coordinates (z 3 ,z 4 ) are each in ascending order in the initial sector wave function |P 2,3,4 , since z 1 < z 3 < z 4 < z 2 , as required. The fourth basis state is obtained from the first one by moving the second B to the fourth position and then the first B to the second position, i.e., by applyingP 1,2P4,3,2 =P 1,2,4,3 . UsingP 
The fifth basis state is obtained from the first one by moving the second B to the fourth position and then the first B to the third position, i.e., by applyingP 3,2,1P4,3,2 =P (1,3) (2, 4) . Usinĝ P 
The Hamiltonian of the 2B1F mixture is given by [see Eq. (1)]
The matrix element 1|H |1 is therefore given by
H is symmetric under the exchange of the first and second particle. H therefore commutes with (1 +P 1,2 ). Moreover, (1 +P 1,2 )(1 +P 1,2 ) = 2(1 +P 1,2 ) and therefore
Let us calculate an arbitrary matrix element P |H |P in the vicinity of (1/g BB ,1/g BF ) = (0,0). Performing a Taylor expansion up to first order in 1/g BB and 1/g BF , we obtain [21]
is the ground state of N spinless bosons with strong δ repulsion restricted to the sector z P (1) < · · · < z P (N) [21] . Furthermore, using the boundary condition
one finds
As a result, we obtain
Applying this to the matrix element 1|H |1 , we get
since C id,id
= 0. In a similar way we obtain
since only C id,P 2,3 2,3
= C 2 is nonzero. For the next matrix element, we get = C 2 are nonzero. The same matrix elements are obtained using H eff , given by Eq. (3).
APPENDIX C: ONE-BODY DENSITY MATRIX
Here, we calculate the matrix elements of the bosonic and fermionic one-body density matrices of a 1B2F mixture. The basis states of the 1B2F mixture are [see Eq. (A4)]
The bosonic and fermionic one-body density-matrix operators readρ
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First, we calculate the matrix elements of the bosonic distributionρ B (z,z ). One finds
Only those matrix elements of the form id|z i z | i |P are nonzero for which P = P i,... ,j . We define
Using this, we find 1|ρ B (z,z )|1
= ρ (1,1) (z,z ) = B,F,F |ρ 
One sees that the matrix elements of the bosonic one-body density matrix agree with those of Eqs. (10)- (12) . Now, we calculate the matrix elements of the fermionic distribution ρ F (z,z ). The first two matrix elements read 
Again, one sees that the matrix elements of the fermionic one-body density matrix agree with those of Eqs. (10)- (12) .
